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Odd-frequency pairing in a superconductor coupled to two parallel nanowires
Christopher Triola and Annica M. Black-Schaffer
Department of Physics and Astronomy, Uppsala University, Box 516, S-751 20 Uppsala, Sweden
We study the behavior of Cooper pair amplitudes that emerge when a two-dimensional supercon-
ductor is coupled to two parallel nanowires, focusing on the conditions for realizing odd-frequency
pair amplitudes in the absence of spin-orbit coupling or magnetism. In general, any finite tun-
neling between the superconductor and the two nanowires induces odd-frequency spin-singlet pair
amplitudes in the substrate as well as a substantial odd-frequency interwire pairing, both of which
vanish locally. Interestingly, in the regime of strong superconductor-nanowire tunneling, we find
that the presence of two nanowires allows for the conversion of non-local odd-frequency pairing to
local even-frequency pairing. By studying this higher-order symmetry conversion process, we are
able to identify a notable effect of the odd-frequency pairing in the superconductor on local quan-
tities accessible by experiments. Specifically, we find that the odd-frequency pairing plays a direct
role in the emergence of certain subgap features in the local density of states, and, importantly,
it is responsible for a reduction of the maximum Josephson current between the two nanowires,
measurable using Josephson scanning tunneling microscopy. We discuss ways to control the sizes of
these effects induced by odd-frequency superconductivity by tuning the parameters describing the
nanowires.
I. INTRODUCTION
The study of proximity-induced superconductivity in
one-dimensional (1D) nanowires has generated a great
deal of interest in recent years, driven primarily by
their potential for realizing states with non-Abelian
statistics holding the promise for topological quantum
computation.1–3 The simplest proposals involve single
nanowires with Rashba spin-orbit coupling in proxim-
ity to a conventional s-wave superconductor and in the
presence of an applied magnetic field.4,5 However, the
non-Abelian Majorana bound states found in these sin-
gle nanowire systems are Ising anyons and cannot be used
to construct all gates necessary for universal quantum
computation6 in contrast to e.g. Fibonacci anyons.6–8 Fi-
bonacci anyons can be created using parafermions, ex-
otic excitations which can be realized by coupling two
nanowires with Rashba spin-orbit coupling to an s-wave
superconductor, in the absence of a magnetic field.9–12
An important feature of double nanowire systems, not
present in single nanowires, is the possibility for crossed
Andreev reflection processes, which connects the super-
conducting pairs in the two wires, and is known to
play a significant role in the physics of these systems.13
Given that regular Andreev reflection processes have
been shown to be related to the generation of Cooper
pairs with unconventional symmetries in single wire
systems,14–16 it is interesting to consider the different
pair symmetries that can arise in double nanowire sys-
tems. Moreover, the potential use of double nanowires in
new technologies, with experiments already working to
characterize their properties,17 further highlights the im-
portance of a theoretical analysis of the pairing and sym-
metries exhibited by these systems. Such an analysis will
not only provide a deeper understanding of the electronic
properties of these systems but also potentially suggest
new ways to utilize them for practical applications.
It is well-established that the fermionic nature of elec-
trons tightly constrains the allowed symmetries of the
Cooper pairs and thus the superconducting gap func-
tion. Specifically, in the limit of equal-time pairing and
a single-component gap, spatially even-parity gap func-
tions (like s- or d-wave) must correspond to spin-singlet
states, while odd-parity gap functions (p- or f -wave)
must correspond to spin-triplet states. However, if the
electrons comprising the condensate are paired at un-
equal times the superconducting gap can also be odd in
time or, equivalently, odd in frequency (odd-ω), allowing
the condensate to be even in spatial parity and spin-
triplet or odd-parity and spin-singlet18. This possibility,
originally posited for 3He by Berezinskii19 and then later
for superconductivity,20–22 is intriguing both because of
the unconventional symmetries which it permits and for
the fact that it represents a class of hidden order, due to
the vanishing of equal-time correlations.
While the thermodynamic stability of intrinsically
odd-ω phases has, so far, only been discussed as a theo-
retical possibility,23–30 significant progress has been made
understanding the way in which odd-ω pairing can be in-
duced by altering a system’s conventional superconduct-
ing correlations.15,31–61 The best established example is
found in ferromagnet-superconductor junctions,31–38 in
which experiments have observed key signatures of odd-
ω spin-triplet pair correlations,62–64 despite using con-
ventional spin-singlet s-wave superconductors. Addition-
ally, odd-parity odd-ω pair amplitudes been shown to be
ubiquitous at interfaces between normal metals (N) and
conventional spin-singlet superconductors (S), with close
connections to observed McMillan-Rowell oscillations, as
well as midgap Andreev resonances.43,44 For a modern
review of odd-ω superconductivity, see Ref. [18].
Inspired by the previous works on S/N interfaces, in
this work we consider a seemingly related, but yet quite
different, system: two parallel nanowires coupled to a
superconducting substrate with conventional spin-singlet
s-wave order parameter, as shown in Fig. 1. We examine
2the symmetries of the emergent Cooper pair amplitudes,
focusing on the appearance of odd-ω superconductivity
and its physical consequences. In particular, by expand-
ing the anomalous Green’s function to leading order in
the superconductor-nanowire tunneling parameters, we
find that odd-ω spin-singlet odd-parity Cooper pair am-
plitudes emerge in both the substrate and the interwire
channel. The appearance of the odd-ω pair amplitudes
in the substrate are consistent with the above-mentioned
works on S/N junctions,43,44 while the pair amplitudes in
the wires are consistent with previous results modeling
Rashba quantum wires,11 as well as analogous multiter-
minal/multiband systems15,50–61. However, in contrast
to previous studies, we consider how the odd-ω pairing
induced by one of the nanowires is affected by the pres-
ence of the other nanowire, an effect that shows up as
higher-order cross-terms in the diagrammatic expansion
of the pair amplitudes. Importantly, we then find that
these higher-order processes lead to a conversion of odd-ω
odd-parity amplitudes to even-ω even-parity amplitudes.
Since these reconverted even-parity amplitudes are lo-
cal in space, this reconversion process allows the original
odd-ω odd-parity Cooper pairs to have a direct and mea-
surable impact on easily measurable local observables.
More specifically, we derive explicit expressions char-
acterizing the symmetry conversion of odd-parity odd-ω
pairing to local even-ω pair amplitudes, to infinite order
in the superconductor-nanowire tunneling. This analysis
establishes that two nanowires are needed for this pro-
cess. We then study the features generated by the odd-ω
pairing in two local and highly accessible experimental
observables: the local density of states (LDOS), mea-
surable by scanning tunneling microscopy (STM), and
local Josephson current (LJC), measurable by Joseph-
son STM.65–67 In the LDOS, we show that large sub-
gap peaks emerge due to the presence of the nanowires,
and we find that one of these spectral features is directly
related to higher-order symmetry conversion of original
odd-ω pairing. In the LJC, we find that the odd-ω pairing
contributes directly to a noticeable reduction of the LJC
maximum value in the region between the two nanowires,
and we show how this reduction can be tuned by adjust-
ing different physical parameters. These results establish
both that odd-ω superconductivity is generated in double
nanowire systems and that, despite its non-local nature,
odd-ω superconductivity has profound effects on easily
measurable local quantities.
The remainder of this work is organized as follows. In
Sec. II we introduce the model we will use to study the
double nanowire-superconductor system and define the
Green’s functions used throughout this work. In Sec. III
we derive the perturbative corrections to the anomalous
Green’s functions and establish the existence of odd-ω
pairing in the presence of finite nanowire-superconductor
tunneling. In Sec. IV we examine the higher-order cor-
rections to the Green’s functions and show that it is ex-
actly the presence of two nanowires that allows the con-
version of odd-ω amplitudes to even-ω amplitudes with
novel properties. In Sec. V we study the effect on lo-
cal observables of the odd-ω pairing through the higher-
order symmetry conversions, identifying clearly measur-
able features in both LDOS and LJC. Finally, in Sec. VI
we conclude our work.
II. MODEL
We wish to study the emergent symmetries of super-
conductivity in a physical system composed of two par-
allel nanowires separated by a distance d coupled to a
conventional superconducting substrate, which we model
as a two-dimensional (2D) spin-singlet s-wave supercon-
ductor, see Fig. 1. Throughout this work we assume
the nanowires are non-magnetic and possess no appre-
ciable spin-orbit coupling, such that the system has only
trivial spin structure. This eliminates the possibility of
realizing odd-ω, spin-triplet, even-parity (i.e. local) su-
perconducting pairing, and thus the only odd-ω pairing
allowed in this system is of the spin-singlet, odd-parity
(i.e. non-local) type. To capture the essential physics
of this system we employ a Hamiltonian of the form
H = HLNW +H
R
NW +HSC +H
L
t +H
R
t where
HSC =
∑
σ
∫
dx
dky
2pi
d†x,ky,σ
[
− ∂
2
x
2ms
+ ξs,ky
]
dx,ky,σ +
∫
dx
dky
2pi
∆d†x,−ky,↑d
†
x,ky,↓ +H.c.,
H iNW =
∑
σ
∫
dky
2pi
ξi,kyc
†
i,ky,σ
ci,ky,σ,
Hit = −ti
∑
σ
∫
dky
2pi
c†i,ky,σdxi,ky,σ +H.c.,
(1)
where d†x,ky,σ (dx,ky,σ) creates (annihilates) a quasiparti-
cle state in the superconducting substrate with spin σ at
position x along the axis perpendicular to the nanowires
and with momentum ky along the axis parallel to the
nanowires. Likewise, c†i,ky,σ (ci,ky,σ) creates (annihilates)
a quasiparticle state with spin σ and momentum ky
3Superconductor
Nanowire (L) Nanowire (R)
x
d
y
FIG. 1. Schematic of the system described by the Hamiltonian
in Eq. (1): two parallel nanowires, separated by a distance d,
coupled to the 2D surface of a conventional spin-singlet s-wave
superconductor. Throughout this work the nanowires are as-
sumed to be infinitely long 1D objects in the y-direction and
the superconductor is assumed span in the entire 2D plane.
in nanowire i = L,R. Moreover, ξs,ky =
k2y
2ms
− µs
is the normal state quasiparticle dispersion in the su-
perconductor along the y-axis set by the effective mass
ms and measured from the chemical potential µs, while
ξi,ky =
k2y
2mi
− µi is the quasiparticle dispersion in the
ith nanowire set by the effective mass mi and measured
from the chemical potential µi. The superconducting
substrate is further described by the order parameter ∆
which has spin-singlet s-wave symmetry. Finally, ti is the
tunneling amplitude coupling the superconductor to the
ith nanowire, which is located at position x = xi.
To study the emergent electronic properties of the sys-
tem described by the Hamiltonian in Eq. (1), we be-
gin by noting that the presence of the nanowires breaks
translation-invariance along the x-direction, but not the
y-direction, thus allowing us to keep a ky reciprocal co-
ordinate. As a consequence, we define the normal and
anomalous Green’s functions for the superconductor as:
Gsx1,x2;ky ;τ = −〈Tτdx1,ky,↑(τ)d†x2,ky,↑(0)〉,
F sx1,x2;ky ;τ = −〈Tτdx1,ky,↑(τ)dx2,−ky,↓(0)〉,
(2)
where τ is an imaginary time, and Tτ is the usual τ -
ordering operator for fermions. Similarly, we define the
normal and anomalous Green’s functions for the elec-
tronic excitations in the two nanowires as:
Gni,j;ky ;τ = −〈Tτci,ky,↑(τ)c†j,ky ,↑(0)〉,
Fni,j;ky ;τ = −〈Tτci,ky,↑(τ)cj,−ky ,↓(0)〉,
(3)
where, due to coupling through the superconducting sub-
strate, we allow for both intrawire (i = j) and interwire
(i 6= j) correlations in Eq. (3).
As usual, we find it convenient to combine the nor-
mal and anomalous Green’s functions into the following
Nambu space Green’s functions for the superconductor
and the nanowires:
Gˆs(x1, x2; ky; iωn) =
(
Gsx1,x2;ky ;iωn F
s
x1,x2;ky ;iωn
F¯ sx1,x2;ky ;iωn G¯
s
x1,x2;ky ;iωn
)
,
Gˆij(ky; iωn) =
(
Gni,j;ky ;iωn F
n
i,j;ky ;iωn
F¯ni,j;ky ;iωn G¯
n
i,j;ky ;iωn
)
,
(4)
where, we have Fourier-transformed from imaginary time
τ to Matsubara frequency iωn and we note that for spin-
independent normal states and spin-singlet superconduc-
tors: G¯sx1,x2;ky ;iωn = −(Gsx1,x2;−ky ;iωn)∗, F¯ sx1,x2;ky ;iωn =
(F sx1,x2;−ky ;iωn)
∗, G¯ni,j;ky ;iωn = −
(
Gni,j;−ky ;iωn
)∗
, and
F¯ni,j;ky ;iωn =
(
Fni,j;−ky ;iωn
)∗
.
In the absence of tunneling between the nanowires and
the superconductor, i.e. tL = tR = 0, it is straightforward
to show that the Green’s functions in Eqs. (4) are given
by:
Gˆ(0)s (x, ky ; iωn) = [iωnτˆ0 +∆τˆ1] g0(x, ky , iωn)
+ g3(x, ky, iωn)τˆ3,
Gˆ(0)ij (ky ; iωn) = −δij
iωnτˆ0 + ξi,ky τˆ3
ω2n + ξ
2
i,ky
,
(5)
where the coefficients, g0 and g3, are given by Eqs (A3)
in the Appendix, and τˆ0 and τˆi are the 2×2 identity
and Pauli matrices in particle-hole space, respectively.
While the exact forms of g0 and g3 are less impor-
tant, we note that both ere even in x, ky, and ωn:
g0(x, ky, iωn) = g0(−x,−ky,−iωn) and g3(x, ky , iωn) =
g3(−x,−ky,−iωn).
At finite tunneling, tL, tR 6= 0, the Green’s functions
in Eqs. (4) satisfy the following Dyson equations:
Gˆs(x1, x2) = Gˆ(0)s (x1 − x2) + Gˆ(0)s (x1 − xL)ΣˆLs Gˆs(xL, x2)
+ Gˆ(0)s (x1 − xR)ΣˆRs Gˆs(xR, x2),
Gˆij = Gˆ(0)ij + Gˆ(0)ii ΣˆniLGˆLj + Gˆ(0)ii ΣˆniRGˆRj ,
(6)
with the self-energies defined as:
Σˆis = t
2
i τˆ3Gˆ(0)ii τˆ3,
Σˆnij = titj τˆ3Gˆ(0)s (xi − xj)τˆ3,
(7)
where we have omitted the explicit dependence on ky and
iωn, since both of these quantities are conserved.
III. ODD-FREQUENCY PAIRING
By iterating Eq. (6) we can compute the Green’s func-
tions, Gˆs and Gˆij , in terms of the bare Green’s functions
given in Eq. (5) to arbitrary order in powers of the tun-
neling parameters ti. In the limit of weak coupling be-
tween the nanowires and the superconducting substrate,
4the physics is dominated by the leading order terms in ti
and we have:
Gˆs(x1, x2) ≈ Gˆ(0)s (x1 − x2) + δGˆ(1)s (x1, x2),
Gˆij ≈ Gˆ(0)ij + δGˆ(1)ij ,
(8)
where
δGˆ(1)s (x1, x2) =
∑
i=L,R
Gˆ(0)s (x1 − xi)ΣˆisGˆ(0)s (xi − x2),
δGˆ(1)ij = Gˆ(0)ii Σˆnij Gˆ(0)jj .
(9)
By inserting the expressions from Eqs. (5) into Eqs. (9)
we can explicitly calculate the leading order corrections
to the Green’s functions in both the nanowires and the
superconducting substrate. Without loss of generality,
we assume, for concreteness, that xL = −d/2, xR = d/2
in Eq. (9). To study the superconducting pairing, we
only need to focus on the anomalous parts of the Green’s
functions in Eqs. (9) and find:
δF (1)s (x1, x2) =
4m4s∆
Ω2nk
2
0
[
iωn
Ωn
2ms
Ax1,x2(iωn) + ω
2
nBx1,x2(iωn) +
Ωn
2ms
Cx1,x2(iωn)
]
,
δF
(1)
ij = titjg0(xi − xj , ky, iωn)∆
(
ω2n + ξi,kyξj,ky
)− iωn (ξi,ky − ξj,ky)(
ω2n + ξ
2
i,ky
)(
ω2n + ξ
2
j,ky
) , (10)
where we have defined Ωn = 2ms
√
ω2n +∆
2 and k0 =(
α2 +Ω2n
)1/4
, with α = 2msµs − k2y, and the functions
Ax1,x2(iωn), Bx1,x2(iωn), and Cx1,x2(iωn) are given by
Eqs (B1)-(B3) in the Appendix. We will consider their
behavior in more detail below but, for now, we only note
they are all even functions of iωn and thus that the
presence of the nanowires modifies the pair amplitudes
within the substrate, inducing both novel even-ω pair
amplitudes, proportional to B and C, and odd-ω pair
amplitudes, proportional to A. Additionally, we notice
that the proximity-induced pairing within the nanowires
δF
(1)
ij , possesses both an even-ω term and an odd-ω term.
Furthermore, while the even-ω term is non-zero in both
the intrawire and interwire channels, the odd-ω terms be-
long strictly to the interwire channel. By permuting the
wire index, it is easy to see that the odd-ω pair amplitude
in the nanowires is also odd in the wire index, consistent
with the constraints imposed by Fermi-Dirac statistics.49
A. Odd-ω pairing in the nanowires
Having demonstrated in Eq. (10) that multiple odd-ω
pair amplitudes can be induced in a double wire sys-
tem, we now study the nature of these odd-ω correla-
tions in more depth, starting with the proximity-induced
interwire pairing. In this subsection we will continue
to present results in ky-space because translation invari-
ance is preserved in the y-direction and, importantly, the
resulting expressions are easier to understand when re-
solved in ky .
From Eq. (10) it is clear that, in general, the interwire
pair amplitude possesses both even-ω and odd-ω terms.
Moreover, since essentially all of the complications arising
from the coupling to the superconducting substrate take
the form of a multiplicative prefactor, it is quite easy
to obtain the ratio of the odd-ω pairing to the even-ω
pairing, given by:
δFo:e(ky;ω) =
(ω + iη)
(
ξL,ky − ξR,ky
)
(ω + iη)2 − ξL,kyξR,ky
, (11)
where we have performed the analytic continuation to
real frequency, iωn → ω + iη, to make contact with the
physical spectrum of the system. This simple ratio al-
lows us to determine the precise conditions for which
we expect the odd-ω pair amplitudes to dominate over
the even-ω amplitudes. Moreover, due to the proper-
ties of the Fourier transform, we note that, by evaluating
this expression at ky = 0, we obtain the ratio of the
total, i.e. integrated, odd-ω pairing in real space to the
total even-ω pairing in real space: δFo:e(ky = 0;ω) =∫∞
−∞ Fodd(y;ω)dy/
∫∞
−∞ Feven(y;ω)dy.
From Eq. (11) it is clear that the odd-ω amplitude
will be non-zero as long as ξL,ky 6= ξR,ky , and that the
two pair symmetries will be equal in magnitude at the
frequencies ω = {±ξL,ky ,±ξR,ky}, see Fig. 2(a) for an
example. Furthermore, it is clear that the even-ω pair
amplitudes vanish exactly at ω =
√
ξL,kyξR,ky . There-
fore, so long as ξL,ky 6= ξR,ky , and ξL,ky and ξR,ky pos-
sess the same sign, the interwire pairing will be strictly
odd-ω at ω = ±√ξL,kyξR,ky , as illustrated in Fig. 2(b).
This pure odd-ω interwire pairing criteria can be engi-
neered by adjusting the chemical potentials within the
two nanowires, for example by electrostatic gating.
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FIG. 2. Absolute magnitude of the ratio of odd-ω to even-
ω pair amplitudes in the interwire channel |δFo:e|, computed
using Eq. (11), with ky fixed and units chosen such that ξL =
1. (a) |δFo:e(ω)| for ξR = −3ξL, with vertical dotted lines
indicating frequencies for which the ratio equals unity: ω =
{±ξL,ky ,±ξR,ky}. (b) |δFo:e(ω)| for ξR = 3ξL, with vertical
dotted lines indicating frequencies with strictly odd-ω pairing:
ω = ±√ξL,kyξR,ky .
Having discussed the relative size of the even-ω and
odd-ω interwire pair amplitudes, we now turn our at-
tention to the overall magnitude of the interwire pair-
ing. First, comparing the above criteria for an odd-
ω-dominated interwire channel to the expressions in
Eq. (10), we see that the frequencies for which |δFo:e| > 1
align precisely with the poles in the denominator of the
total interwire pair amplitude. Therefore, the denomina-
tor should not have a deleterious effect on the odd-ω pair-
ing. Then, neglecting the denominator in Eq. (10), we see
that the magnitude of the interwire pairing is determined
by only three factors: ti, ∆, and g0. The hopping ampli-
tudes ti depend sensitively on the microscopic model of
the nanowire-superconductor interface. A precise deter-
mination of their values is clearly beyond the scope of this
work and, for our purposes, these parameters are simply
constants characterizing the interface. Further, the gap
of the superconducting substrate ∆ may be adjusted by
choosing different substrates, and is therefore an external
parameter. It is thus the function g0 that carries all the
relevant dependences for the interwire pairing, such as
information about the kinetic energy of the substrate, as
well as the distance between the two nanowires.
Since we are primarily interested in interwire pairing,
we focus on evaluating the function g0(xi−xj) for i 6= j,
and since g0(x) = g0(−x) we arrive at:
g0(d) = −2m
2
se
−|d|k0 sin φ2
k0Ωn
cos
(
|d|k0 cos φ2 − φ2
)
, (12)
where we have suppressed the dependence on ky and
iωn on the left-hand side, and we have defined φ =
arctan(Ωn/α) using Ωn and α as given below Eq. (10).
From Eq. (12) we readily see that for large nanowire sep-
arations, d >> 1/k0, the magnitude of the interwire pair
amplitudes go as ∼ e−|d|k0 sin
φ
2 . Furthermore, setting
ky = 0 to obtain the average of this quantity over the
y-axis, and assuming µs >>
√
ω2n +∆
2, we find that
this exponential decay factor becomes e
−|d| ∆vF
√
1+ω2n/∆
2
,
where vF =
√
2µs/ms, which is consistent with the ex-
pectation that the pair correlations should be suppressed
when d exceeds the superconducting coherence length,
ξ ∼ vF /∆.
B. Odd-ω pairing in the superconducting substrate
We next turn our attention to the pair symmetry of
the superconducting substrate. The corrections to the
anomalous Green’s function in the substrate due to the
presence of the nanowires are given by Eq. (10), written
in terms of the coefficients A, B, and C, which are given
in the appendix, Eqs. (B1)-(B3).
By inspecting the functions in Eqs. (B1)-(B3), we im-
mediately see that all three are even in Matsubara fre-
quency iωn and ky , since they only depend on these vari-
ables through ω2n and k
2
y, respectively. Therefore, we
find that the only odd-ω term in the anomalous Green’s
function Eq. (10) is the term proportional to A. Further-
more, from Eqs. (B1)-(B3), we observe that the spatial
parities of these coefficients under the exchange of the x-
coordinates are: Ax1,x2 = −Ax2,x1 , Bx1,x2 = Bx2,x1 , and
Cx1,x2 = Cx2,x1 . Since, the odd-ω amplitude is propor-
tional to A and the even-ω amplitudes are proportional
to B and C, we see that these symmetries are fully consis-
tent with the constraints imposed by Fermi-Dirac statis-
tics.
Another notable feature of the expressions for A, B,
and C, in Eqs. (B1)-(B3), is that, while the coordinate
dependence is somewhat complicated in general, we can
see that when x1 and x2 are sufficiently far from both
nanowires, i.e. |x − xL|, |x − xR| >> vF /
√
ω2n +∆
2, all
corrections are exponentially suppressed when averaged
over the length of the nanowires. For low frequencies, this
length scale is proportional to the coherence length of the
bare substrate. Interestingly, there is no preferential sup-
pression of the odd-ω terms coming from the exponential
factors; even-ω and odd-ω amplitudes get comparably
suppressed, similar to the proximity-induced pairing in
the nanowires discussed in the previous subsection.
IV. HIGHER-ORDER PAIR SYMMETRY
CONVERSION
In the previous section we demonstrated that odd-ω
pair amplitudes are induced in both the superconduct-
ing substrate and the interwire channel of the nanowires.
These results were obtained using a perturbative expan-
sion in the hopping amplitudes ti between the nanowires
and the substrate. The benefit of such a calculation is
that it is relatively simple and the symmetries of the pair
amplitudes are made manifest. However, such an analysis
6is limited to small values of ti, as it ignores higher-order
terms in the expansion. In this section we instead solve
the problem exactly using a T -matrix approach and thus
incorporate the effect of all higher-order tunneling pro-
cesses on the pair amplitudes. We compare our exact
results to the perturbative ones in the previous section,
and most importantly, demonstrate novel features of the
pair symmetry which only emerge at higher orders. In
particular, we focus on the way in which higher-order pro-
cesses can allow the odd-ω odd-parity pairing to play a
role in the local properties of the system. As we will show
this effect can be very important for the superconduct-
ing pairing in the substrate. However, since the inter-
wire pairing, by its very nature, requires coupling to both
wires, we do not expect higher-order terms to allow the
interwire odd-ω amplitudes to contribute significantly to
any local observables. Such an effect might be more rel-
evant in a setup possessing three or more nanowires, but
such an analysis is clearly beyond the scope of our cur-
rent work. Therefore, for the remainder of this work we
limit ourselves to pair amplitudes within the substrate,
which we already discussed within the perturbative weak
coupling limit in subsection III B.
To perform our analysis, we return to the Dyson equa-
tion describing the exact Green’s functions of the super-
conducting substrate, Eq. (6). By iterating this equation
we find that above order t2, cross-terms begin to emerge
which involve a propagation between the nanowires of
the form, Gˆ(0)s (x1−xL)ΣˆLs Gˆ(0)s (xL−xR)ΣˆRs Gˆ(0)s (xR−x2).
At higher orders more of these terms emerge, thus signif-
icantly complicating an evaluation using a T -matrix. To
alleviate this problem, we start by neglecting the right
nanowire and exactly solve the problem of the supercon-
ducting substrate coupled to the left nanowire (L+SC)
only. We then turn our attention to the combined L+SC
system in the presence of the right nanowire and solve
the problem (L+SC+R) exactly. In this way we account
for all cross-terms while still being able to proceed ana-
lytically.
Since we are dealing with Green’s functions whose ar-
guments are a mixture of momentum, ky, and positions,
x1,x2, the position of the poles for these functions de-
pend on the complex-valued frequency and the momen-
tum, ky. To keep track of both the Matsubara and re-
tarded Green’s functions we derive all expressions in this
section for Green’s functions with a generic complex fre-
quency, z. In this way, all results apply equally well to
Matsubara, retarded, and advanced Green’s functions.
A. Left nanowire + superconductor
In the presence of only the left nanowire it is straight-
forward to show that Eq. (6) can be written as:
Gˆ(L)s (x1, x2) = Gˆ(0)s (x1−x2)+ Gˆ(0)s (x1+ d2 )TˆLGˆ(0)s (x2+ d2 )
(13)
where the T -matrix is defined as
TˆL =
[
(ΣˆLs )
−1 − Gˆ(0)s (0)
]−1
. (14)
The bare Green’s function of the substrate appearing in
Eqs. (13) and (14), Gˆ(0)s (x), is a function of position x,
momentum ky, and frequency z with the general struc-
ture given by
Gˆ(0)s (x) = [zτˆ0 +∆τˆ1] g0(x) + g3(x)τˆ3, (15)
where the coefficients g0 and g3 are complicated functions
of |x|, k2y, and z2, given in Appendix A, see Eqs. (A3) for
z = iω, and Eqs. (A4) for z = ω+ iη. However, for com-
pactness we suppress the ky and z arguments as they will
not change throughout this derivation. Importantly, the
functional dependences imply that both g0 and g3 are
even under the transformations: x → −x, ky → −ky,
and z → −z. Next, using the general form in Eq. (15)
together with the definition of ΣˆLs in Eq. (7), it is straight-
forward to show that the T -matrix in Eq. (14) takes the
form:
TˆL = zT0τˆ0 + T3τˆ3 + T1τˆ1, (16)
with the coefficients given in Appendix C. While the
expressions in Eq. (C1) are somewhat complicated, we
notice that these functions inherit the symmetries of g0
and g3, and are, hence, even under the transformations:
ky → −ky and z → −z.
Inserting Eq. (16) into Eq. (13), we arrive at the
Green’s function of the L+SC system to infinite order
in the tunneling tL:
Gˆ(L)s (x1, x2) = zg(L)0 (x1, x2)τˆ0 + g(L)3 (x1, x2)τˆ3 + f (L)1 (x1, x2)τˆ1 + izf (L)2 (x1, x2)τˆ2, (17)
where we have defined the coefficients g
(L)
0 , g
(L)
3 , f
(L)
1 ,
and f
(L)
2 , given in Eq. (C2). By inspecting these
terms, it is clear that all of the coefficients g
(L)
0 , g
(L)
3 ,
f
(L)
1 , and f
(L)
2 are invariant under the transforma-
tions: z → −z, ky → −ky. However, by permut-
ing the coordinate indices, x1 ↔ x2, we find that
g
(L)
0 (x1, x2) = g
(L)
0 (x2, x1), g
(L)
3 (x1, x2) = g
(L)
3 (x2, x1),
and f
(L)
1 (x1, x2) = f
(L)
1 (x2, x1), while f
(L)
2 (x1, x2) =
−f (L)2 (x2, x1).
To study the pair symmetries, we focus on the anoma-
lous part of the Green’s function given by Eq. (17) and
7find:
F (L)s (x1, x2) = f
(L)
1 (x1, x2) + zf
(L)
2 (x1, x2). (18)
This equation shows how the presence of the nanowire
changes the pair amplitudes in the superconducting sub-
strate, both altering the even-ω channel, given by f
(L)
1 ,
and inducing an odd-ω channel, proportional to f
(L)
2 .
Noting the symmetries of these two functions, we see that
the even-ω channel is even under the permutation of the
coordinates, x1 ↔ x2, while the odd-ω channel is odd
under this permutation, consistent with the constraints
imposed by Fermi-Dirac statistics as both amplitudes are
necessarily spin-singlet states.
By inserting the expressions for g0 and g3, from
Appendix A, we readily obtain exact expressions for
the even-ω, F
(L)
even = f
(L)
1 (x1, x2), and odd-ω, F
(L)
odd =
zf
(L)
2 (x1, x2), pair amplitudes existing within the super-
conducting substrate coupled to a single nanowire located
at x = −d/2. While the expressions for F (L)even are quite
cumbersome and not very enlightening, we can gain an-
alytical insight by inspecting the odd-ω pair amplitude,
given by:
F
(L)
odd (x1, x2) = zf
(L)
2 (x1, x2) =
z∆t2L
[
g3(x1 +
d
2 )g0(x2 +
d
2 )− g0(x1 + d2 )g3(x2 + d2 )
][
z2 − ξ2L,ky
]
− 2t2L
[
z2g0(0) + ξL,kyg3(0)
]− t4L [(∆2 − z2)g20(0) + g23(0)] . (19)
By exchanging the coordinates x1 and x2 we can readily
verify that F
(L)
odd (x1, x2) = −F (L)odd (x2, x1), as mentioned
above. Additionally, we note that F
(L)
odd (x1, x2) is propor-
tional to ∆g0, which is the anomalous Green’s function
of the bare substrate. Therefore, we conclude that the
odd-ω pair amplitude is heavily peaked at ω = ∆ and
decays for ω > ∆. Furthermore, from the denominator
we infer that F
(L)
odd (x1, x2) obtains its largest contribu-
tion when the frequencies match the energy levels in the
nanowire, z = ξL,ky . Combining these two insights we
determine that the odd-ω amplitude will be maximized
when µL < ∆ and decrease for µL >> ∆.
Further insight can be gained in the limit of weak cou-
pling between the nanowire and the substrate, tL/µs <<
1. Then, assuming realistically that ∆/µs << 1 and fo-
cusing on frequencies z = ω + iη, we evaluate Eq. (19)
locally along the y-axis:
F
(L)
odd (x1, x2, y = 0;ω) ≈
isgn(η)t2L
√
2mL∆sin
[(|x1 + d2 | − |x2 + d2 |) kF ] (√µL + (ω + iη) +√µL − (ω + iη))
4v2F
√
∆2 − (ω + iη)2√µ2L − (ω + iη)2 exp
[
|x1+d2 |+|x2+
d
2 |
vF
√
∆2 − (ω + iη)2
] , (20)
where kF =
√
2msµs and vF = kF /ms. We can see that
this amplitude is odd in z = ω+iη since it is proportional
to sgn(η). Also, we see that it possesses most of its weight
near ω = ±∆ and ω = ±µL. Centering the coordinates
on the nanowire, we see that the absolute magnitude of
the odd-ω pair amplitude possesses local maxima at x =
|x1| − |x2| = (2n + 1)pi/(2kF ), where n ∈ Z. Moreover,
this amplitude is fairly long-ranged at frequencies close
to the gap, and decays as ∼ exp
[
−∆
(
|x1|+|x2|
vF
)]
for
frequencies below the gap.
To confirm these conclusions about the odd-ω pair am-
plitudes, and gain further insight into the behavior of
both the even-ω and odd-ω pairing in this system, we
plot in Fig. 3 the absolute magnitudes of both the even-ω
and odd-ω pair amplitudes given as functions of distance
from the nanowire position, |F (L)s (x− d2 ,− d2 ; z = ω+iη)|.
To make contact with the real spectrum, we use the re-
tarded Green’s functions in Appendix A, and we now
eliminate the momentum dependence by integrating all
expressions over ky .
In Figs. 3(a, b) we see that, in the absence of tunneling
between the nanowire and the substrate, the odd-ω pair
amplitude is always zero, while the even-ω pair amplitude
is heavily peaked around the point (x = 0, ω = ∆) i.e. lo-
cally and at the energy of the bare coherence peaks. This
is completely consistent with our expectations of the bare
Green’s functions for the substrate. In Figs. 3(c, d) we
set the tunneling between the nanowire and the substrate
to a value of tL = µs/100 and find that both the even-
ω and odd-ω amplitudes are now non-zero. The even-ω
amplitudes remain peaked around (x = 0, ω = ∆), while
the odd-ω amplitudes possess peaks at x = ±pi/2k−1F and
near ω = ±µL,±∆, in precise agreement with the ana-
lytic results above. Finally in Figs. 3 (e,f), we increase
the tunneling by a a factor of 10 to tL = µs/10 and
see that the odd-ω amplitude has increased by a factor
of 100, consistent with its leading-order t2L dependence,
8FIG. 3. Magnitude of even-ω (left column) and odd-ω (right
column) terms in the retarded pair amplitude of the super-
conducting substrate, |F (L)s (x − d2 ,− d2 , z = ω + iη)|, plot-
ted as a function of the distance from the nanowire x, and
the frequency above the Fermi level ω. Amplitudes are
computed by numerically integrating the exact expression in
Eq. (18) over ky. We set the parameters of the substrate
so that ∆ = µs/100, and we report distances in k
−1
F , where
kF =
√
2msµs. For all plots mL = ms and µL = ∆/2,
while the three rows represent different tunneling parameter
choices: tL = 0 (a,b), tL = µs/100 (c,d), and tL = µs/10(e,f).
while the overall behavior of the even-ω is qualitatively
unchanged. Additionally, we notice that for this larger
value of tL the peaks in the odd-ω amplitude still occur
at x = ±pi/2k−1F but they are now sharply peaked around
ω ≈ 0.7∆, lying roughly midway between the peaks pre-
dicted from the weak-tunneling results.
In Fig. 4 we further examine the dependence of the
even-ω and odd-ω amplitudes on the effective mass of
the electrons mL and chemical potential µL within the
nanowire. Throughout this figure, and for much of the
results in the remainder of this work, we set the tunnel-
ing parameter tL = µs/10, since this leads to a large ef-
fect in Fig. 3, beyond the weak-tunneling regime. From
Figs. 4(a, b), we see that as mL is increased, the odd-
ω amplitudes are enhanced and the even-ω amplitudes
are slightly suppressed, with the largest effect for both
cases appearing around ω ≈ 0.7∆, as we observed in
Fig. 3. This enhancement of the odd-ω amplitude with
increasing mL is consistent with the weak-tunneling re-
a b
c d
x=0
x=0 x=π/kF
x=π/kF
FIG. 4. Magnitude of even-ω (left column) and odd-ω (right
column) terms in the retarded pair amplitude of the supercon-
ducting substrate, |F (L)s (x− d2 ,− d2 , z = ω + iη)|, plotted as a
function of frequency, ω and evaluated at the positions where
the pair amplitude peaks, x = 0 and x = pi/(2kF ), respec-
tively, where kF =
√
2msµs. The amplitudes are computed
by numerically integrating the exact expression in Eq. (18)
over ky. We set the parameters of the substrate so that
∆ = µs/100, and we have fixed tL = µs/10 to obtain a
large odd-ω component. (a,b): Fixed µL = ∆/2 for differ-
ent masses, mL = mS/4 (solid/red), mL = mS/2 (dashed-
dotted/green), mL = mS (dashed-dotted/cyan), mL = 2mS
(dotted/blue), and mL = 4mS (dotted/magenta). (c,d):
Fixed mL = mS for different chemical potentials, µL = ∆/4
(solid/red), µL = ∆/2 (dashed/green), µL = ∆ (dashed-
dotted/cyan), µL = 5∆ (dashed-dotted/blue), and µL = 10∆
(dotted/magenta). In each panel we also plot the results for
tL = 0 (solid/black).
sults in Eq. (20), which go as ∼ √mL. From Figs. 4(c,
d), we see that as µL is increased, the odd-ω ampli-
tudes are instead suppressed, while the even-ω ampli-
tudes are mostly unchanged, though a slight enhance-
ment is just barely noticeable. This suppression of the
odd-ω pairing with large values of µL is also consistent
with the weak-tunneling limit in Eq. (20). Physically,
both of these effects can be understood as consequences
of the density of states (DOS) in the nanowire, given by
NL(ω) =
√
mL/2(µL + ω)/pi. Thus when mL increases,
so does the DOS in the nanowire, leading to an enhance-
ment of tunneling processes between the two systems.
Likewise, for large values of µL the DOS at low ener-
gies decreases, thus suppressing tunneling between the
nanowire and the substrate. We therefore see a clear de-
pendence on the induced odd-ω pair amplitude on the
normal state of the nanowire, while the even-ω pairing
is largely unchanged when changing the nanowire as it is
dominated by the intrinsic pairing of the superconductor.
9To summarize our study of the L+SC system, we note
that clearly both even-ω and odd-ω pairing are induced in
the superconducting substrate. However, only the even-
ω amplitudes exist locally as the odd-ω amplitude has
odd spatial parity. Hence, it is not obvious that these
odd-ω pair amplitudes can have a direct influence on lo-
cal observables. However, as we will demonstrate in the
next section, these odd-ω pair amplitudes still play a sig-
nificant role in the local physics when a second nanowire
is coupled to the substrate.
B. Left nanowire + superconductor + right
nanowire
The next step in our analysis is to add the right
nanowire to the L+SC system studied in detail in the
last subsection. Returning to the Dyson equation for the
Green’s function of the substrate, Eq. (6), and noting
that the exact expression for the Green’s function of the
L+SC system is given by Eq. (17), it is easy to see that
the presence of the right nanowire can be accounted for
by using:
Gˆs(x1, x2) = Gˆ(L)s (x1, x2) + Gˆ(L)s (x1, d2 )TˆRGˆ(L)s (d2 , x2).
(21)
Here we have defined the T -matrix associated with scat-
tering between the L+SC system and the right nanowire
as:
TˆR =
[
(ΣˆRs )
−1 − Gˆ(L)s (d2 , d2 )
]−1
, (22)
where Gˆ(L)s (x1, x2) is given by Eq. (17). We notice di-
rectly that this T -matrix for the right nanowire depends
only on the local part of the Green’s function for the
L+SC system, Gˆ(L)s (x, x). From Eq. (17) we see that eval-
uating this Green’s function locally simplifies the form
somewhat:
Gˆ(L)s (x, x) =zg(L)0 (x, x)τˆ0 + g(L)3 (x, x)τˆ3
+ f
(L)
1 (x, x)τˆ1,
(23)
similar to the general form for the bare Green’s function
of the substrate but now with the coefficients given by
Eq. (C2). Therefore, using the same reasoning leading to
Eq. (16), we find that the T -matrix capturing the effect
of the right nanowire is given by:
TˆR = zT
(R)
0 τˆ0 + T
(R)
1 τˆ1 + T
(R)
3 τˆ3 (24)
where the coefficients T
(R)
0 , T
(R)
1 , and T
(R)
3 are given in
Eq. (C3), and possess the same symmetries as the coeffi-
cients in Eq. (16) for the L+SC system.
Since Eq. (24) has the same form and symmetries as
Eq. (16) for the L+SC system, we find that additional
pair symmetry conversion must occur in the presence of
the right nanowire. Still, since the nanowires are both
trivial in the spin index, the induced odd-ω pairing is al-
ways odd in parity and, thus, inherently non-local. How-
ever, in contrast to the single nanowire results in the
L+SC system in Sec. IVA, the additional right nanowire
allows the non-local correlations of the L+SC system,
and in particular the odd-ω components, to directly in-
fluence the local correlations of the total L+SC+R sys-
tem. Thus there is still a local physical effect of odd-ω
pairing in the presence of the two nanowires.
To make this statement about the influence of the
odd-ω pairing more concrete we explicitly calculate the
local Green’s function of the L+SC+R system Gˆs(x, x)
in terms of the Green’s function of the L+SC system
Gˆ(L)s (x1, x2), using Eq. (21). We find that Gˆs(x, x) is
given by:
Gˆs(x, x) =zg(R)0 (x)τˆ0 + g(R)3 (x)τˆ3 + f (R)1 (x)τˆ1, (25)
where the coefficients g
(R)
0 , g
(R)
3 , and f
(R)
1 are given in
Eq. (C4) in the Appendix. Examining these expressions,
we notice that all three components depend directly on
the non-local odd-ω pair amplitude of the L+SC sys-
tem, f
(L)
2 (x,
d
2 ). Thus, clearly, the odd-ω pairing in-
fluences local properties in the double nanowire system,
even though it has an odd spatial parity.
We now focus on the influence of the odd-ω terms in
the L+SC system on the local pair amplitudes of the full
double nanowire system L+SC+R. For this we decom-
pose the local pair amplitude, Fs(x) = f
(R)
1 (x), in the
following way:
Fs(x) = Fe(x) + Fo(x), (26)
where we define
Fe(x) =f
(L)
1 (x, x) + T
(R)
1
[
z2g
(L)
0 (x,
d
2 )
2 − g(L)3 (x, d2 )2 + f (L)1 (x, d2 )2
]
+ 2T
(R)
3 g
(L)
3 (x,
d
2 )f
(L)
1 (x,
d
2 )
+ 2z2T
(R)
0 g
(L)
0 (x,
d
2 )f
(L)
1 (x,
d
2 ),
Fo(x) =− z2f (L)2 (x, d2 )
[
2T
(R)
0 g
(L)
3 (x,
d
2 ) + T
(R)
1 f
(L)
2 (x,
d
2 ) + 2T
(R)
3 g
(L)
0 (x,
d
2 )
]
.
(27)
Here, Fe depends only on the even-ω pair amplitudes of the L+SC system, f
(L)
1 , or its normal state, while Fo
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gathers all terms that depends directly on the the odd-ω
pair amplitudes of the L+SC system, f
(L)
2 . We empha-
size that the local pair amplitude in Eq. (26), Fs(x), is
purely even-ω, and yet, through higher-order scattering
processes it has acquired a dependence on the non-local
odd-ω pair amplitudes of the L+SC system, which we
write as Fo(x) in Eq. (27).
To gain insight into the behavior of the even- and
odd-ω origins of Fs, we plot the real and imaginary
parts of the retarded versions of Fs(x, z = ω + iη),
Fe(x, z = ω + iη), and Fo(x, z = ω + iη) in-between
the two wires in Fig. 5. We choose parameters such that
there is appreciable odd-ω pairing in the L+SC system
according to our results in the previous subsection. In
FIG. 5. Density plots in the x,ω-plane of: real (a) and
imaginary (b) parts of the retarded local pair amplitude
of the superconducting substrate for the L+SC+R system,
Fs(x, z = ω + iη), given by Eq. (26); real (c) and imaginary
(d) parts of the even-ω contributions, Fe(x, z = ω+ iη), given
by Eq. (27); and real (e) and imaginary (f) parts of the odd-
ω contributions, Fo(x), given by Eq. (27). We use the same
units and parameters as in Fig. 3(e,f): µL = µR = ∆/2,
mL = mR = ms, and d = pik
−1
F , where kF =
√
2msµs,
∆ = µs/100, and tL = tR = µs/10.
Figs. 5 (a, b), we notice that the total local pair am-
plitude, given by Eq. (26), possesses most of its weight
around the gap, i.e. ω ≈ ∆, as expected. It is also not
rapidly varying with respect to x in this range. Compar-
ing this result to contributions coming from the even-ω
amplitude of the L+SC system, Figs. 5 (c, d), we notice
one major difference: Fe possesses strong features around
ω ≈ 0.7∆, the frequency associated with the peaks in
the odd-ω pair amplitude shown in Figs. 3 (e,f). Turn-
ing our attention to the contributions coming from the
odd-ω amplitudes of the L+SC system, Figs. 5 (e, f), we
see that these notable features in Fe are smoothed out by
features with the opposite signs coming from the odd-ω
amplitude Fo. This demonstrates that the non-local odd-
ω pair amplitude of the L+SC system has an appreciable
effect on the local pair amplitude of the L+SC+R sys-
tem. Furthermore, we can understand the x-dependence
of these features by noting that Fo is proportional to
f
(L)
2 (x,
d
2 ) in Eq. (27). From the weak-tunneling expres-
sion in Eq. (20) we can see that f
(L)
2 (x,
d
2 ) is maximized
when 2kF (|x + d/2| − |d|) = (2n + 1)pi which is exactly
what we observe in Fig. 5.
FIG. 6. Density plots in the µR, ω-plane of the absolute mag-
nitude of: |Fs(x = 0, ω + iη)|, given by Eq. (26), (a) and
(b); |Fe(x = 0, ω + iη)|, given by Eq. (27), (c) and (d); and
|Fo(x = 0, ω + iη)|, given by Eq. (27), (e) and (f). In each
case, we have fixed the model parameters such thatmL = ms,
µL = ∆/2, ∆ = µs/100, d = pik
−1
F , where kF =
√
2msµs, and
plotted each function for two different values of mR, as indi-
cated in each panel.
In Fig. 6 we present density plots of the absolute mag-
nitudes of Fs, Fe, and Fo as a function of ω and µR,
at the position x = 0, the position at which the contri-
bution from Fo is most pronounced according to Fig. 5.
In these plots we have fixed the parameters of the left
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FIG. 7. Density plots in themR, ω-plane of the absolute mag-
nitude of: |Fs(x = 0, ω + iη)|, given by Eq. (26), (a) and
(b); |Fe(x = 0, ω + iη)|, given by Eq. (27), (c) and (d); and
|Fo(x = 0, ω + iη)|, given by Eq. (27), (e) and (f). In each
case, we have fixed the model parameters such thatmL = ms,
µL = ∆/2, ∆ = µs/100, d = pik
−1
F , where kF =
√
2msµs, and
plotted each function for two different values of µR, as indi-
cated in each panel.
nanowire to the same as Fig. 3(e,f) and Fig. 5: mL = ms,
µL = ∆/2; and we have chosen a value for the interwire
separation associated with a sizable contribution from
f
(L)
2 , d = pik
−1
F . In the left column, Fig. 6 (a,c,e), we show
the results for an effective mass ofmR = mL = ms, while
in the right column, Fig. 6 (b,d,f), we show the results
for an effective mass of mR = 4mL = 4ms. Notice that
both values of mR behave similarly and that there is a
sizable contribution from the odd-ω pairing in the region
where ω ≈ 0.7∆ and µR ≤ ∆. This contribution appears
to decay rapidly for µR > ∆, and is cancelled, for the
most part, by a contribution from the even-ω amplitude.
However, we note that in both cases, the contribution
from the even-ω pairing around ω ≈ 0.7∆ does not fully
decay for large µR. Instead, this contribution leads to a
feature in the total pair amplitude which remains pinned
to ω ≈ 0.7∆. The precise frequency at which we find
this feature depends on the parameters of the substrate;
however, we note that it occurs at the same frequency
as the peak structures observed in f
(L)
2 which were dis-
cussed the previous subsection. In the case of Fo, this
relationship is direct, since Fo is proportional to f
(L)
2
and therefore shares much of its peak structure. From
FIG. 8. Density plots in the d, ω-plane of the absolute mag-
nitude of: |Fs(x = 0, ω + iη)|, given by Eq. (26), (a) and
(b); |Fe(x = 0, ω + iη)|, given by Eq. (27), (c) and (d);
and |Fo(x = 0, ω + iη)|, given by Eq. (27), (e) and (f). In
each case, we have fixed the model parameters such that
mR = mL = ms, µL = ∆/2, ∆ = µs/100, distances are
given in units of k−1F = 1/
√
2msµs, and plotted each function
for two different values of µR, as indicated in each panel.
Eq. (20), we see that in the weak-tunneling limit, these
features of f
(L)
2 will occur at ω = ±µL,±∆, while for the
stronger-tunneling value considered here, tL = µs/10, we
find these frequencies pinned just below the gap, around
ω ≈ 0.7∆.
To better understand how the features we observed in
Fig. 6 depend on the other model parameters, specifically
the effective mass in the right nanowire, mR, and the
interwire separation, d, we present in Figs. 7 and 8 similar
density plots to the ones shown in Fig. 6, but in the
mR, ω- and d, ω- planes, respectively. In both Figs. 7 and
8, we can clearly see that the main contribution from the
odd-ω pair amplitude keeps occuring at ω ≈ 0.7∆, and
that it is maximized when µR ≤ ∆, consistent with the
behavior observed in Fig. 6.
Focusing on Fig. 7, we see that, for µR = ∆/2 the
contribution from the odd-ω pair amplitude, Fo, is com-
parable in magnitude to the largest contribution from
the even-ω pair amplitude, Fe, but the two contributions
seem to cancel over the entire range of mR considered.
Furthermore, we note that, as mR is increased these con-
tributions quickly reach a plateau and appear to remain
more or less constant for larger values of mR. However,
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for µR = 5∆ we find that Fo is significantly smaller than
Fe. This decrease in the magnitude of Fo is accompa-
nied by the emergence of a feature in the total local pair
amplitude for much of the range considered, as we also
found in Fig. 6.
Finally, turning our attention to Fig. 8, we confirm
that Fo possesses a strong peak around ω ≈ 0.7∆, as we
observed in Figs. 6 and 7, and that this contribution and
Fe exactly cancel for µR = ∆/2, but that the cancellation
does not occur for µR = 5∆, leading to the appearance of
features in the total pair amplitude at ω ≈ 0.7∆. Addi-
tionally, in Fig. 8 we see that all three amplitudes, Fs, Fe,
and Fo, have an approximately periodic dependence on
the interwire separation, d, with period roughly∼ 2pik−1F .
In particular, we see that Fo acquires its largest magni-
tude at values of the interwire separation associated with
odd integer multiples of pi/2, d ≈ (2n+1)pi/2k−1F , as also
seen in the sinusoidal behavior of f
(L)
2 in Eq. (20).
V. LOCAL EXPERIMENTAL SIGNATURES OF
NON-LOCAL ODD-FREQUENCY AMPLITUDES
In the previous section we demonstrated that the non-
local odd-ω pair amplitudes have a direct effect on the
local even-ω pair amplitudes. As such, there should
be signatures of odd-ω pairing in local, experimentally-
observable, quantities. In this section we show that this
is indeed the case for two easily measurable observables,
the LDOS and local Josephson current.
A. Local density of states
We compute the LDOS of quasiparticles in the usual
way, using the retarded Green’s function:
N (R;ω) = − 1
pi
ImTrGˆ(R,R;ω). (28)
This quantity can be measured experimentally through
STM using a well-characterized normal metal tip. From
Eqs. (25) and (28) we find that the LDOS for the super-
conducting substrate coupled to both nanowires takes the
form:
N (x;ω) = − 2
pi
Im
[
(ω + iη)
∫ ∞
−∞
dky
2pi
g
(R)
0 (x, ky , ω)
]
,
(29)
where g
(R)
0 is given by Eq. (C4) and we have set y = 0
for simplicity. By inspecting Eq. (C4), we can also isolate
the contribution to the LDOS arising from the odd-ω pair
amplitudes:
No(x;ω) =− 2
pi
Im
{
(ω + iη)
∫ ∞
−∞
dky
2pi
f
(L)
2 (x,
d
2 )
[
T
(R)
0 (ω + iη)
2f
(L)
2 (x,
d
2 ) + 2T
(R)
1 g
(L)
3 (x,
d
2 )− 2T (R)3 f (L)1 (x, d2 )
]}
,
(30)
which is clearly proportional to the non-local odd-ω pair amplitude generated by the left nanowire, f
(L)
2 . For com-
pleteness we also write out the whole contribution to the LDOS which does not depend on the odd-ω pair amplitudes,
Ne ≡ N −No, given by:
Ne(x;ω) =− 2
pi
Im
{
(ω + iη)
∫ ∞
−∞
dky
2pi
[
g
(L)
0 (x, x) + T
(R)
0
(
(ω + iη)2g
(L)
0 (x,
d
2 )
2 + g
(L)
3 (x,
d
2 )
2 + f
(L)
1 (x,
d
2 )
2
)
+ 2T
(R)
1 g
(L)
0 (x,
d
2 )f
(L)
1 (x,
d
2 ) + 2T
(R)
3 g
(L)
0 (x,
d
2 )g
(L)
3 (x,
d
2 )
]}
,
(31)
which instead depends only on the even-ω amplitude f
(L)
1
and the normal quasiparticle terms g
(L)
0 and g
(L)
3 . We
note that, in real experiments it is the total LDOS, Eq.
(29), that is measured, not the separate contributions
given by Eqs. (30) and (31). However, it is instructive to
examine these separate terms to understand which fea-
tures in the total LDOS are directly influenced by the
odd-ω pairing and which are not.
To proceed we have numerically evaluated all three
contributions: the total LDOS, given by Eq. (29); the
contribution coming from the odd-ω pairing, Eq. (30);
and the remaining contribution, Ne, given by Eq. (31).
To understand how these contributions depend on the
different model parameters we present density plots of
these expressions in Figs. 9-11 for the same parameters
we used to study the pair amplitudes in Figs. 6-8, fo-
cusing in each case on the behavior at x = 0, i.e. the
midpoint between the two wires, where the odd-ω pair-
ing have the largest impact on the local pair amplitude
according to the previous section.
In Fig. 9 we show the results forN , Ne, andNo, respec-
tively, in the µR, ω-plane, for the same parameters as the
corresponding plots of the pair amplitudes in Fig. 6. As
with the pair amplitudes, we notice that the largest con-
tribution from the odd-ω pairing appears for small µR rel-
ative to ∆ and is pinned to the frequency ω ≈ 0.7∆. Also,
similar to the pair amplitudes in Fig. 6, as µR increases
we see that the odd-ω contribution decreases while the
Ne contribution retains its spectral weight near ω ≈ 0.7∆
so that for large µR this feature is observable in the total
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FIG. 9. Density plots of the contributions to the LDOS in
the µR, ω-plane. (a) and (b) the total LDOS, N (x = 0;ω),
given by Eq. (29); (c) and (d) the even-ω contribution,
Ne(x = 0;ω), given by Eq. (31); and (e) and (f) the odd-
ω contribution, No(x = 0;ω), given by Eq. (30). In each case,
we have fixed the model parameters to the same values as
Fig. 6.
LDOS, N . In contrast to the pair amplitudes, the N and
Ne contributions both possess noticeably more spectral
weight below the gap, especially at smaller values of µR.
In Fig. 10 we show similar LDOS results to those ap-
pearing in Fig. 9 but in the mR, ω-plane, and using the
same parameters as the corresponding plots of the pair
amplitudes in Fig. 7. In Figs. 10 (a,c,e) we set µR = ∆/2,
while for Figs. 10 (b,d,f) we set µR = 5∆. Once again we
find that the largest contribution from the odd-ω pairing
appears for the smaller value of µR and with essentially
all of its spectral weight near ω ≈ 0.7∆, possessing pa-
rameter dependences similar to the pair amplitudes in
Fig. 7. However, in addition to the feature pinned to
ω ≈ 0.7∆, the Ne and N contributions possess notice-
ably larger subgap features when µR = ∆/2 in contrast
to the results for the pair amplitudes, but consistent with
the behavior of the LDOS in Fig. 9.
Finally, in Fig. 11 we show similar LDOS results to
those appearing in Figs. 9 and 10 but in the d, ω-plane,
plotted for the same parameters as the pair amplitudes
appearing in Fig. 8. In Figs. 11 (a,c,e) we set µR = ∆/2,
while for Figs. 11 (b,d,f) we set µR = 5∆. Similar to the
results for the pair amplitudes in Fig. 8, we find that all
subgap contributions possess a d-dependence, with the
FIG. 10. Density plots of the contributions to the LDOS
in the mR, ω-plane. (a) and (b) the total LDOS, N (x =
0;ω), given by Eq. (29); (c) and (d) the even-ω contribution,
Ne(x = 0;ω), given by Eq. (31); and (e) and (f) the odd-ω
contribution, No(x = 0;ω), given by Eq. (30). In each case,
we have fixed the model parameters to the same values as
Fig. 7.
most significant subgap features appearing at d = (2n+
1)pik−1F , the same values at which the odd-ω amplitude,
f
(L)
2 , reaches its largest magnitudes.
Comparing Figs. 9-11, we see that, overall, they pos-
sess similar parameter dependences to the corresponding
plots of the pair amplitudes in Figs. 6-8, but with some
notable differences. Similar to the local pair amplitudes,
the LDOS has contributions coming directly from the
odd-ω pair amplitudes, and these features are primarily
pinned to the same value of ω as the contributions to
the local pair amplitudes. Also, similar to the pair am-
plitudes, the effect of the odd-ω pairing on the LDOS is
such that it often cancels a corresponding spectral weight
from Ne, so that the total LDOS N remains featureless.
However, since No and Ne have different parameter de-
pendence, when the contribution from No is suppressed
these features show up in the total LDOS. On the other
hand, one important difference between the pair ampli-
tudes and the LDOS is that N and Ne both possess
strong subgap peaks at low values of µR, which do not
appear to be related to the odd-ω pair amplitudes. Since
these features only appear in N and Ne, they are likely
due to the normal quasiparticles in the system. There-
fore, while the LDOS does exhibit features attributable
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FIG. 11. Density plots of the contributions to the LDOS in
the d, ω-plane. (a) and (b) the total LDOS, N (x = 0;ω),
given by Eq. (29); (c) and (d) the even-ω contribution,
Ne(x = 0;ω), given by Eq. (31); and (e) and (f) the odd-
ω contribution, No(x = 0;ω), given by Eq. (30). In each case,
we have fixed the model parameters to the same values as
Fig. 8.
to the odd-ω pairing, a more direct probe of the local
Cooper pairs could display more clear signatures of these
odd-ω pair amplitudes.
B. Josephson tunneling spectroscopy
While the LDOS can be accessed by STM using a
well-characterized normal metal tip, by using a super-
conducting tip, similar measurements can probe the local
Cooper pair superfluid density, directly.65,66,68–71 Such
experiments measure the local Josephson current (LJC)
between a superconducting tip and the superconducting
substrate. In the limit of weak tunneling between the tip
and the substrate, and at zero bias, the LJC at position
r0 is given by
72:
IJ (r0) = 4et
2
0T
∑
n
Im
{
eiΦF¯tip(iωn)Fs(r0, r0; iωn)
}
,
(32)
where Ftip(iωn) and Fs(r0, r0; iωn) are the anomalous
Matsubara Green’s functions of the superconducting tip
and superconducting substrate, respectively. Moreover,
Φ is the difference between the phase of the order param-
eters in the tip and the substrate, t0 is the hopping am-
plitude between the tip and the substrate, T is the tem-
perature of the system, and e is the elementary charge.
For simplicity we consider a conventional supercon-
ducting tip of the same material as the substrate,
and, since the system is translation-invariant in the y-
direction, we evaluate the LJC at y = 0. In this
case, combining Eq. (32) with the Matsubara version of
Eq. (26) we are able to write the LJC as the sum of two
terms:
IJ (x) = Ie(x) + Io(x), (33)
where
Ie(x) = 4et
2
0 sinΦ T
∑
n
∫
dky
2pi
f0(iωn)Fe(x, ky ; iωn),
Io(x) = 4et
2
0 sinΦ T
∑
n
∫
dky
2pi
f0(iωn)Fo(x, ky ; iωn).
(34)
Here Fe/o(iωn) are the Matsubara versions of the expres-
sions given in Eq. (27), while f0(iωn) is the anomalous
Green’s function of the bare substrate given by:
f0(iωn) =
−m∆
2pi
√
ω2n +∆
2
[
arctan
(
µ√
ω2n +∆
2
)
+
pi
2
]
.
(35)
From Eq. (34) we find that Ie is the contribution to the
Josephson current coming strictly from even-ω pairing in
the substrate, while Io represents the contribution to the
current coming from the odd-ω pair amplitudes which
are induced by the left nanowire and then reconverted to
even-ω pairing by the right nanowire, Fo in Eq. (26). It is
important to emphasize that this reconversion process is
necessary to measure the odd-ω pair amplitudes because
the LJC is not sensitive to the odd-ω odd-parity pair am-
plitudes present in this system, since those contributions
vanish locally. We also note that, in real experiments
it is the total LJC, Eq. (33), that is measured, not the
separate contributions given by Eqs. (34). However, it
is instructive to examine these contributions separately
since they allow us to discern which features in the total
LJC are caused directly by the presence of odd-ω pairing
and which are not.
Given these expressions it is now straightforward to
evaluate the separate contributions to the LJC for vari-
ous cases similar to those presented in the previous sec-
tions. In principle, the LJC computed using Eq. (33)
is a function of the phase difference between the STM
tip and the substrate. However, in practice, Josephson
STM experiments probe only the maximum value of this
quantity, given by setting Φ = pi/2, which is also what
we report here. All results in this section were obtained
using a temperature T = ∆/10, below which we do not
find significant changes to the LJC.
In Fig. 12 we plot the maximum LJC given by IJ (x)
in Eq. (33), as well as its separate contributions, Ie(x)
and Io(x) given in Eq. (34), as a function of the position
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FIG. 12. Maximum value of the LJC (Φ = pi/2) (solid/black)
given by Eq. (33) and separated into even-ω contribu-
tions (dotted/red) given by Ie and odd-ω contributions
(dashed/blue) given by Io in Eq. (34). The horizontal dashed
line represents the LJC in the absence of the nanowires. We
have fixed the model parameters such that mL = mR = ms,
µL = ∆/2, ∆ = µs/100, d = pik
−1
F , where kF =
√
2msµs, and
use two different values of µR, as indicated in each panel.
of the tip along the x-axis. We present these plots for
fixed values of the effective masses, mR = mL = ms,
but two different values for the chemical potential in the
right nanowire: µR = ∆/2 and µR = 5∆, to highlight
the effect of the odd-ω pairing.
In both Figs. 12 (a) and (b) we notice that the to-
tal LJC in the presence of the nanowires oscillates as a
function of position x around the value for the total LJC
in the absence of the nanowires, and that this modu-
lation decays with the distance from the nanowires, as
expected. Further focusing on Fig. 12 (a), the case in
which both nanowire chemical potentials lie within the
gap, µR = µL = ∆/2, we notice a significant dip at
x = 0, directly between the two nanowires. Comparing
the total value of the LJC to the components Ie and Io,
we see that the total current is almost entirely composed
of Ie, except in-between the two nanowires and especially
at the peak position of the dip, x = 0. In the region be-
tween the nanowires we instead also find a noticeable
and negative contribution from the symmetry-converted
odd-ω pair amplitudes, causing a suppression of the to-
tal LJC. Turning our attention to Fig. 12 (b), in which
only the left nanowire chemical potential lies within the
gap, µR = 5∆, µL = ∆/2, we see that the dip in the
LJC at x = 0 has essentially vanished along with the
contribution from the odd-ω pairing.
To further explore the behavior of the dip in the LJC
we plot in Fig. 13 IJ (x = 0), Ie(x = 0), and Io(x = 0) as
functions of the chemical potential in the right nanowire,
µR, (a,b); the effective mass in the right nanowire, mR,
(c,d); and the interwire separation, d, (e,f), using the
same parameters as in the plots of the pair amplitudes
in Figs. 6-8. In each case we find that the parameters
which maximize the symmetry conversion of the odd-ω
pairing also lead to a suppression of IJ (x = 0) relative to
Ie(x = 0). Specifically, the suppression due to the odd-
ω pairing is largest when µR ≤ ∆, d = (2n + 1)pik−1F ,
and mR >> ms. Moreover, this suppression can be
a b
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FIG. 13. Maximum value of the LJC (Φ = pi/2) (solid/black)
given by Eq. (33) and separated into even-ω contribu-
tions (dotted/red) given by Ie and odd-ω contributions
(dashed/blue) given by Io in Eq. (34). The horizontal dashed
line represents the LJC in the absence of the nanowires. We
have fixed the position x = 0 to focus on the suppression
of IJ relative to Ie, and we have set mL = ms, µL = ∆/2,
∆ = µs/100, throughout, and present all distances in units of
k−1F = 1/
√
2msµs. In each panel we plot these functions with
respect to one of the model parameters: mR, µR, and d. In
each panel the fixed values of the other two parameters are
indicated.
turned off by increasing µR >> ∆ or setting d away
from (2n + 1)pik−1F . While all these plots show an un-
ambiguous effect of the odd-ω pair amplitudes, we note
that the effect is somewhat small compared to the over-
all magnitude of the current. Therefore, in Fig. 14 we
show the same plots as Fig. 13 but with larger values
for the effective masses in the nanowires, to demonstrate
that the effect of the odd-ω pairing can be considerably
enhanced.
In aggregate, the results in this section show that the
presence of odd-ω odd-parity pair amplitudes directly in-
fluence local observables, both normal state properties,
such as LDOS, and the superconducting Josephson effect,
the LJC. These effects appear despite the fact that the
odd spatial parity of the odd-ω pair amplitudes makes
them intrinsically non-local. The reason the non-local
odd-ω amplitudes influence measurable local properties
is intrinsic to the double wire structure: non-local odd-
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FIG. 14. Maximum value of the LJC (Φ = pi/2) (solid/black)
given by Eq. (33) and separated into even-ω contribu-
tions (dotted/red) given by Ie and odd-ω contributions
(dashed/blue) given by Io in Eq. (34). The horizontal dashed
line represents the LJC in the absence of the nanowires. We
have fixed the position x = 0 to focus on the suppression of IJ
relative to Ie, and, to highlight the effect of the odd-ω pairing,
we have set mL = 8ms, all other parameters are the same as
Fig. 13 except where specified. In each panel we plot these
functions with respect to one of the model parameters: mR,
µR, and d. The fixed values of the other two parameters are
indicated.
ω pairing is induced in the substrate by coupling to one
of the nanowires, then, higher-order tunneling processes
between the substrate and the two nanowires results in
the partial conversion of non-local odd-ω pairing to local
even-ω pairing, which is then detectable by local probes.
VI. CONCLUSIONS
In this work we study the emergent properties of
Cooper pair amplitudes in a system composed of two
parallel nanowires separated by a distance d and cou-
pled to a conventional superconducting substrate with a
spin-singlet s-wave order parameter. By expanding the
anomalous Green’s function perturbatively to leading or-
der in the superconductor-nanowire tunneling amplitude,
we show that odd-ω odd-parity Cooper pairing emerges
in both the substrate and the interwire channel, despite
the absence of spin-orbit coupling or magnetism in the
system. We also provide simple analytic expressions to
characterize the odd-ω pairing in each case. Further-
more, by accounting for higher-order tunneling processes
between the substrate and the two nanowires, we find
that the non-local odd-ω pairing induced by the presence
of one of the nanowires can be converted into local even-
ω pairing by the presence of the other nanowire. We
present semi-analytic results for the infinite-order pair
amplitudes in terms of the odd-ω pairing and use these
expressions to examine the conditions under which this
higher-order symmetry conversion can be enhanced.
Importantly, we use these results to study the effect
of the odd-ω pair amplitudes on two local observables:
the electronic local density of states (LDOS), measur-
able by scanning tunneling microscopy (STM), and the
local Josephson current (LJC), measurable by Josephson
STM. In the LDOS we find that certain subgap peaks ob-
tain a contribution from the odd-ω pair amplitudes, and
that the strength of this contribution depends strongly
on the chemical potentials in the two nanowires. How-
ever, these subgap peaks also possess strong contribu-
tions from the even-ω pairing and normal quasiparticles,
such that the total LDOS lacks strong features at these
frequencies. In the LJC, we find that the odd-ω pair
amplitudes provide a notable suppression of the maxi-
mum current in the region between the two nanowires.
Moreover, this suppression can be tuned using various
physical parameters, including the nanowire chemical po-
tentials and effective masses, as well as the separation
distance between the nanowires. Based on these results
we predict that Josephson STM measurements are a par-
ticularly promising tool for studying the effects of odd-ω
pairing directly, even when the odd-ω pairing is intrinsi-
cally odd in spatial parity and the STM tip possesses no
odd-ω pairing itself.
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Appendix A: Green’s functions for the substrate
In this appendix we present the exact expressions for
the Matsubara and retarded Green’s functions of the
superconducting substrate in the absence of the two
nanowires. Being a 2D homogenous superconductor,
these are defined as:
Gˆ(0)s (x, ky ; z) =
∫ ∞
−∞
dkx
2pi
eikxx
zτˆ0 + ξs,k τˆ3 +∆τˆ1
z2 − ξ2s,k −∆2
, (A1)
where the Matsubara Green’s function is associated with
imaginary frequencies, z = iωn, while the retarded
Green’s function is associated with complex frequencies
with poles only in the upper half plane, z = ω + iη. In
both cases, the Green’s function takes the same form:
Gˆ(0)s (x, ky ; z) = [zτˆ0 +∆τˆ1] g0(x; z) + g3(x; z)τˆ3 (A2)
where the coefficients g0(x; z) and g3(x; z) may be found
by converting the integral over kx in Eq. (A1) to a con-
tour integral over the counterclockwise-oriented contour
covering the entire upper half-plane. However, care must
be taken to ensure that all residues in the upper half-
plane are accounted for.
In the end, when z = iωn, g0(x; z) and g3(x; z) are
given by:
g0(x; z = iωn) = −2m
2
se
−|x|k0 sin φ2
k0Ωn
cos
(
|x|k0 cos φ2 −
φ
2
)
g3(x; z = iωn) = −mse
−|x|k0 sin φ2
k0Ωn
[
k20 cos
(
|x|k0 cos φ2 +
φ
2
)
− α cos
(
|x|k0 cos φ2 −
φ
2
)] (A3)
where Ωn = 2ms
√
ω2n +∆
2, α = 2msµs − k2y, k0 =(
α2 +Ω2
)1/4
, and φ = arctan(Ωn/α) ∈ [0, pi). Whereas
when z = ω + iη, g0(x; z) and g3(x; z) are given by:
g0(x; z = ω + iη) =


−m2s
Ω˜
(
ei|x|
√
α+iΩ˜√
α+iΩ˜
+ e
−i|x|
√
α−iΩ˜√
α−iΩ˜
)
; |ω| < |∆|
− im2sΩ
(
ei|x|
√
α+Ω√
α+Ω
+ θ(α− ReΩ) e−i|x|
√
α−Ω√
α−Ω + iθ(ReΩ− α) e
−|x|√Ω−α√
Ω−α
)
; ω > |∆|
im2s
Ω
(
ei|x|
√
α−Ω√
α−Ω + θ(α+ReΩ)
e−i|x|
√
α+Ω√
α+Ω
− θ(−α− ReΩ) ei|x|
√
α+Ω√
α+Ω
)
; ω < −|∆|
g3(x; z = ω + iη) =


− ims2
(
ei|x|
√
α+iΩ˜√
α+iΩ˜
− e−i|x|
√
α−iΩ˜√
α−iΩ˜
)
; |ω| < |∆|
− ims2
(
ei|x|
√
α+Ω√
α+Ω
− θ(α − ReΩ) e−i|x|
√
α−Ω√
α−Ω − iθ(ReΩ− α) e
−|x|√Ω−α√
Ω−α
)
; ω > |∆|
− ims2
(
ei|x|
√
α−Ω√
α−Ω − θ(α+ReΩ) e
−i|x|√α+Ω√
α+Ω
+ θ(−α− ReΩ) ei|x|
√
α+Ω√
α+Ω
)
; ω < −|∆|
(A4)
Here θ is the Heaviside step function and we
have defined Ω ≡ 2ms
√
(ω + iη)2 −∆2, and Ω˜ ≡
2ms
√
∆2 − (ω + iη)2.
Appendix B: Coefficients in perturbative results
By inserting the expressions from Eqs. (5) into Eqs. (9)
we can explicitly calculate the leading order corrections
to the anomalous Green’s function of the superconduct-
ing substrate, presented in Eq. (10), where, for compact-
ness, we have defined the following three coefficients:
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Ax1,x2(iωn) =
t2L exp
[
− (∣∣x1 + d2 ∣∣+ ∣∣x2 + d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
L,ky
sin
[(∣∣x1 + d2 ∣∣− ∣∣x2 + d2 ∣∣) k0 cos φ2 ]
+
t2R exp
[
− (∣∣x1 − d2 ∣∣+ ∣∣x2 − d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
R,ky
sin
[(∣∣x1 − d2 ∣∣− ∣∣x2 − d2 ∣∣) k0 cos φ2 ] ,
(B1)
Bx1,x2(iωn) =
t2L exp
[
− (∣∣x1 + d2 ∣∣+ ∣∣x2 + d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
L,ky
{
cos
[(∣∣x1 + d2 ∣∣− ∣∣x2 + d2 ∣∣) k0 cos φ2 ]
+ cos
[(∣∣x1 + d2 ∣∣+ ∣∣x2 + d2 ∣∣) k0 cos φ2 − φ]}
+
t2R exp
[
− (∣∣x1 − d2 ∣∣+ ∣∣x2 − d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
R,ky
{
cos
[(∣∣x1 − d2 ∣∣− ∣∣x2 − d2 ∣∣) k0 cos φ2 ]
+ cos
[(∣∣x1 − d2 ∣∣+ ∣∣x2 − d2 ∣∣) k0 cos φ2 − φ]} ,
(B2)
Cx1,x2(iωn) =
ξL,ky t
2
L exp
[
− (∣∣x1 + d2 ∣∣+ ∣∣x2 + d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
L,ky
sin
[(∣∣x1 + d2 ∣∣+ ∣∣x2 + d2 ∣∣) k0 cos φ2 − φ]
+
ξR,ky t
2
R exp
[
− (∣∣x1 − d2 ∣∣+ ∣∣x2 − d2 ∣∣) k0 sin φ2 ]
ω2n + ξ
2
R,ky
sin
[(∣∣x1 − d2 ∣∣+ ∣∣x2 − d2 ∣∣) k0 cos φ2 − φ] ,
(B3)
where Ωn = 2ms
√
ω2n +∆
2, α = 2msµs − k2y, k0 =(
α2 +Ω2
)1/4
, and φ = arctan(Ωn/α) ∈ [0, pi), as in
Eq. (A3). Clearly, all three functions in Eqs. (B1)-(B3)
are even in Matsubara frequency iωn and ky, since they
depend on these variables through ω2n and k
2
y, respec-
tively. Furthermore, we can see that Ax1,x2 = −Ax2,x1 ,
while Bx1,x2 = Bx2,x1 and Cx1,x2 = Cx2,x1 .
Appendix C: Coefficients for T -Matrices and
infinite-order Green’s functions
To study the influence of just the left nanowire on the
superconducting substrate to infinite order in the tunnel-
ing, tL, we use the T -matrix defined in Eq. (14). Using
Eq. (15) together with the definition of ΣˆLs in Eq. (7), we
obtain an exact expression for TˆL, which takes the form
given by Eq. (16) with the coefficients:
T0 =
t2L(1− t2Lg0(0))
z2(1− t2Lg0(0))2 − (ξL,ky + t2Lg3(0))2 − t4L∆2g20(0)
T1 =
t4L∆g0(0)
z2(1− t2Lg0(0))2 − (ξL,ky + t2Lg3(0))2 − t4L∆2g20(0)
T3 =
t2L(ξL,ky + t
2
Lg3(0))
z2(1− t2Lg0(0))2 − (ξL,ky + t2Lg3(0))2 − t4L∆2g20(0)
.
(C1)
While these are complicated expressions, we notice that
these coefficients inherit the symmetries of g0 and g3, dis-
cussed in the main text. Furthermore, inserting Eq. (16)
into Eq. (13), we find the Green’s function of the L+SC
system to infinite order in the tunneling tL, given by Eq.
(17) with coefficients:
g
(L)
0 (x1, x2) =g0(x1 − x2) + T0
[(
z2 +∆2
)
g0(x1 +
d
2 )g0(x2 +
d
2 ) + g3(x1 +
d
2 )g3(x2 +
d
2 )
]
+ T3
[
g0(x1 +
d
2 )g3(x2 +
d
2 ) + g3(x1 +
d
2 )g0(x2 +
d
2 )
]
+ 2∆T1g0(x1 +
d
2 )g0(x2 +
d
2 ),
g
(L)
3 (x1, x2) =g3(x1 − x2) + T3
[(
z2 −∆2) g0(x1 + d2 )g0(x2 + d2 ) + g3(x1 + d2 )g3(x2 + d2 )]
+
(
z2T0 +∆T1
) [
g0(x1 +
d
2 )g3(x2 +
d
2 ) + g3(x1 +
d
2 )g0(x2 +
d
2 )
]
,
f
(L)
1 (x1, x2) =∆g0(x1 − x2) + T1
[(
z2 +∆2
)
g0(x1 +
d
2 )g0(x2 +
d
2 )− g3(x1 + d2 )g3(x2 + d2 )
]
+∆T3
[
g0(x1 +
d
2 )g3(x2 +
d
2 ) + g3(x1 +
d
2 )g0(x2 +
d
2 )
]
+ 2∆z2T0g0(x1 +
d
2 )g0(x2 +
d
2 ),
f
(L)
2 (x1, x2) = (∆T0 + T1)
[
g3(x1 +
d
2 )g0(x2 +
d
2 )− g0(x1 + d2 )g3(x2 + d2 )
]
.
(C2)
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Next, turning our attention to the Green’s function
of the substrate in the presence of both nanowires, in
Eq. (21) we write this Green’s function to infinite order in
the tunneling, tR, using the T -matrix defined in Eq. (22).
Inserting the expressions from Eqs. (7) and (23) we find
that this T -matrix takes the form given by Eq. (24) where
we define the coefficients:
T
(R)
0 =
t2R(1− t2Rg(L)0 (d2 , d2 ))
z2(1− t2Rg(L)0 (d2 , d2 ))2 − (ξR,ky + t2Rg(L)3 (d2 , d2 ))2 − t4Rf (L)1 (d2 , d2 )2
,
T
(R)
1 =
t4Rf
(L)
1 (
d
2 ,
d
2 )
z2(1− t2Rg(L)0 (d2 , d2 ))2 − (ξR,ky + t2Rg(L)3 (d2 , d2 ))2 − t4Rf (L)1 (d2 , d2 )2
,
T
(R)
3 =
t2R(ξR,ky + t
2
Rg
(L)
3 (
d
2 ,
d
2 ))
z2(1− t2Rg(L)0 (d2 , d2 ))2 − (ξR,ky + t2Rg(L)3 (d2 , d2 ))2 − t4Rf (L)1 (d2 , d2 )2
.
(C3)
Focusing on the local part of the Green’s function, we
find that Eq. (21) takes the form appearing in Eq. (25),
where the coefficients g
(R)
0 , g
(R)
3 , and f
(R)
1 are:
g
(R)
0 (x) =g
(L)
0 (x, x) + T
(R)
0
[
z2g
(L)
0 (x,
d
2 )
2 + g
(L)
3 (x,
d
2 )
2 + f
(L)
1 (x,
d
2 )
2 + z2f
(L)
2 (x,
d
2 )
2
]
+ 2T
(R)
1
[
g
(L)
0 (x,
d
2 )f
(L)
1 (x,
d
2 ) + g
(L)
3 (x,
d
2 )f
(L)
2 (x,
d
2 )
]
+ 2T
(R)
3
[
g
(L)
0 (x,
d
2 )g
(L)
3 (x,
d
2 )− f (L)1 (x, d2 )f (L)2 (x, d2 )
]
,
g
(R)
3 (x) =g
(L)
3 (x, x) + T
(R)
3
[
z2g
(L)
0 (x,
d
2 )
2 + g
(L)
3 (x,
d
2 )
2 − f (L)1 (x, d2 )2 − z2f (L)2 (x, d2 )2
]
+ 2z2T
(R)
0
[
g
(L)
0 (x,
d
2 )g
(L)
3 (x,
d
2 ) + f
(L)
1 (x,
d
2 )f
(L)
2 (x,
d
2 )
]
+ 2T
(R)
1
[
z2g
(L)
0 (x,
d
2 )f
(L)
2 (x,
d
2 ) + g
(L)
3 (x,
d
2 )f
(L)
1 (x,
d
2 )
]
,
f
(R)
1 (x) =f
(L)
1 (x, x) + T
(R)
1
[
z2g
(L)
0 (x,
d
2 )
2 − g(L)3 (x, d2 )2 + f (L)1 (x, d2 )2 − z2f (L)2 (x, d2 )2
]
+ 2z2T
(R)
0
[
g
(L)
0 (x,
d
2 )f
(L)
1 (x,
d
2 )− g(L)3 (x, d2 )f (L)2 (x, d2 )
]
− 2T (R)3
[
z2g
(L)
0 (x,
d
2 )f
(L)
2 (x,
d
2 )− g(L)3 (x, d2 )f (L)1 (x, d2 )
]
,
(C4)
where we have repeatedly made use of the definitions in Eqs. (C2) and (C3).
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